A NOTE ON KOSMANN-LIE 
DERIVATIVES OF WEYL SPINORS. 



R. A. Sharipov 

Abstract. Kosmann-Lie derivatives in the bundle of Weyl spinors are considered. It 
is shown that the basic spin-tensorial fields of this bundle are constants with respect 
to these derivatives. 



1. Introduction. 

Lie derivatives arise in studying continuous symmetries of various geometric 
structures on manifolds. They are also used in symmetry analysis of ordinary and 
partial differential equations (see [1]). In general relativity the bundle of Weyl 
spinors SM is a special geometric structure built over the space-time manifold M. 
The main goal of this paper is to clarify the procedure of applying Lie derivatives 
to the basic attributes of this geometric structure, i. e. to the basic spin-tensorial 
fields associated with the bundle of Weyl spinors. 

2. Lie derivatives of spatial structures. 

Let M be a space-time manifold of general relativity. This means that it is a 
four-dimensional orientable manifold equipped with a Minkowski type metric g and 
with a polarization. A polarization, which is typically not mentioned, is a geometric 
structure that marks the future half light cone in the tangent space Tp{AI) for each 
point p G M (see more details in [2]). A Lie derivative Lx is usually given by 
some vector field X in M. Once such a vector field X is fixed, it produces a 
one-parametric local group of local diffcomorphisms: 

(p,: M ^ M. (2.1) 

The letter t is typically used for the parameter of this local group (see [3]), but here 
we use the Greek letter e since t in physics is reserved for the time variable. The 
local diffcomorphisms (2.1) induce the local diffcomorphisms 



(p„ : TM TM, ip*_, : T*M T*M (2.2) 

in tangent and cotangent bundles respectively. These induced diffcomorphisms 
(2.2) act as linear mappings in fibers of TM and T*M. For this reason they can be 
extended to local diffcomorphisms of tensor bundles: 

ipe : t;m ^ t;m. (2.3) 
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Here in (2.3) through TJM wc denote the foUowing tensor product of r copies of 
the tangent bundle TM and s copies of the cotangent bundle T*M : 



TIM = TM ( 



> TM ® T*M i 



>T*M . 



(2.4) 



Let's study the diffeoniorphisms (2.1) and (2.2) in more details. Assume that 
p and q are two points of the space-time manifold M such that q = ipe{p)- Then 
p = ip-s{q) and we have the following commutative diagram: 



TpiM) 



T,{M) 



V 



t;{m) 



(2.5) 



r,*(M). 



Assume that we have some local chart with the coordinates a;°, x^, x^, in some 
neighborhood of the point q. Assume also that e is small enough so that the point 
p = (p-g{q) in (2.5) is covered by the same local chart. Then the coordinates of the 
points p and q in this chart are related to each other as follows: 



x^ ^u\e,y^,y\y\y''), 
^x^ =u\e,y°,y\y^,y^), 



( y" ^u"{-s,x'',x\x\x^), 
y^ = u^(— e, a;°, x^, x^, a;"^), 
y^ = u^{—e,x'^,x^,x'^,x^), 

^ y^ = u^{-e,x°,x^,x'^,x^). 



(2.6) 



Using (2.6), we define the matrices $(e) and $(— e) with the components 



du''{e,y°,y^,y^,y^) 
dyJ 



du^{~e, a;°, x-*^, x^, x^) 
dx^ 



(2.7) 



Let y;^:::;: 



■^) be the components of some tensorial field Y of the 
type (r, s) in the local coordinates x'^ , x^ , x^ , x^ and let (/jg(Y)*^^ ' (2:°, x^, x^, x"^) 
be the components of its image </?e(Y) under the mapping (2.3). Then we have 



^,(Y)};:::}: (x°, x\x\x^) = ^...^ (e)... $^;(e) 



3 

E- 

/l 1 , ... , hr 

ki , ... , kg 



(2., 



According to [3], the Lie derivative Lx applied to Y is defined as follows: 

Y-^,(Y) d^,{Y) 



Lx(Y) = lim^ 



de 



e=0 



(2.9) 
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Let X", , X^, X^ be the components of the vector field X in the local coordinates 
^. Then for e ^ we have the following Taylor expansions of the 
functions (2.6) representing the mappings i/j^ and tfi-e'- 



e^y^,y\y\y^) = V^ + X\v\v\v\v^)e+ ... 
e, y\ y\y\ y') = y' + X\y\ y\y\y^)e+ ... 
e, y\ y\y\y^) ^ y^ + X\y\ y\y\y^) e+ ... 
e, J/", y\y^y^) - + ^^(yO, y\y\ y^) e + . . . 

x", x\ = a;" - X°{x°,x\x^, x^) e + 

^ X ^ X> ^ X^ ^ X ^ " X ^X ^ X ^ X ^ Xf ^ £" I 

o ^ tfJ ^ Xf ^ X ^ X ^)^x^ ~X\x'',x\x^,x^)e + 

£^ X ^ 'X ^ X ^ tjC ^ X ^X ^ X ^ X ^ Xf ^ £" I 

Applying (2.10) and (2.11) to (2.7), we derive 

9X^(a;°,a;\a:2,a;3) 



me) 



dx^ 



dXHx'^ x^ x^ x^^ 



(2.10) 



(2.11) 



(2.12) 
(2.13) 



Here X'(x°, x^,x'^,x^) arc the components of the vector field X in the local coordi- 
nates x^, x^, x^. Now if we denote by Lx(Y)*^ ' *^ the components of Lx(Y), 
then, applying (2.12) and (2.12) to (2.8) and taking into account (2.9), we obtain 



dX^ 



-E E 

m=l fe„,=0 



dX' 



m=l fe„,=0 



dx^" 



vii 



k=0 



dx^ 



(2.14) 



The Lie derivative Lx given by the formula (2.14) possesses the following properties: 

(1) the Lie derivative ix preserves the type of a tensor field, i.e. Y and ix(Y) 
are tensor fields of the same type; 

(2) Lx(Yi Y2) = Lx(Yi) (g) Y2 + Yi (g)ix(Y2) for arbitrary two tensorial fields 
Yi and Y2; 

(3) ix(C(Y)) = C(ix(Y)), i.e. Lx commute with contractions. 

The properties (l)-(3) are easily derived with the use of the formula (2.14) itself. 

3. Lie derivatives in frames formalism. 

Let ^ X/ ^ X/ ^ X be the local coordinates of some local chart of the space-time 
manifold M. The coordinates a:", a;^, x^, x'^ induce the frame Xq, Xi, X2, X3 of 
the coordinate vector fields in the domain of these coordinates: 
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The frame composed by the vector fields (3.f) is a holonomic frame since these 
vector fields commute with each other: 

[X,, X,] = 0. 

However, one can consider some non-holonomic frame Tq, Ti, T2, T3, i. e. a frame 
with non-commuting vector fields: 

3 

[T„Y,] = 5]4X.. (3.2) 

k=0 

The commutation coefficients c^'j- in (3.2) are uniquely determined by the frame 
vector fields Tq, Ti, T2, T3 since they are linearly independent at each point of 
their domain. Our nearest goal is to derive the formula analogous to (2.i4) for 
the case where all tensorial fields are represented by their components is some 
non-holonomic frame Tq, Ti, T2, T3. 

Let (f he a, scalar field. Then the Lie derivative Lx of (p is reduced to the 
differentiation of the function tp along the vector X: 

^xM^E^'^^- (3-3) 

fe=0 

The formula (3.3) is easily derived by substituting Y = ip with r = and s = 
into (2.i4). Similarly, if Y is a vector field, from (2.14) we derive 

iY(Y) = [X,Y]. (3.4) 

Now assume that both of the vector fields X and Y are represented by their ex- 
pansions in a non-holonomic frame Tq, Ti, T2, T3: 



Then, substituting (3.5) into (3.4), we derive 

3 3 33 

ix(Y)^- = Y,X' Lt. {Y'') - E (^'') + E E 4 ■ (3.6) 

i=0 i=0 i=0 j=0 

The Lie derivatives LxiiY'') and Lxi{X'^) in (3.6) are calculated according to the 
formula (3.3), i.e. we substitute (p = and tp = X^ into (3.3). Note that X^ 
in (3.3) differ from that of (3.5). The components of X in the formula (3.3) are 
taken from the expansion of the vector field X in the holonomic frame (3.1). The 
non-holonomic version of the formula (3.3) looks like 



fc=0 
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Let's denote by rf ^ rj^, rf' , rf the dual frame for Tq, Ti, T2, T3. This means 
that rf , Tj^, rj^, rf are four covectorial fields such that 

r;'(Y,) = {m\ T,) = C(r,^ ® T,) = 5]. (3.7) 

Using the properties (l)-(3) from Section 2 and using (3.4), from (3.7) we derive 

3 

L^Ari'')^-Y.4^'- (3-8) 

The commutation coefficients c^^- in (3.8) are the same as in (3.2). Assume that Y 
is a covectorial field expanded in the frame rf ^ rj^, , rf : 

3 

Y-^y.r,'. (3.9) 
From (3.7), (3.8), and (3.9) we derive 

3 3 3 3 

ix(Y). = ^ X' Lt. (n) + ^ L-f . {X^) -Y.Y.^' (3.10) 

j=0 i=0 i=0 j=0 

Now, using the properties (l)-(3) again and combining (3.6) with (3.10), we can 
extend the formula (3.6) to the case of an arbitrary tensor field Y of the type (r, a): 

ix(Y)-::-=^x^Lx.(i-.::t) + 

+ E E (^T,JX'=™)-^4:X^1^-,;;;;;;:- (3.II) 



m=l /Cm=0 



E E (^T.jx-)-Ec^^^is:::::'::.., 

m=H:,„=0 \ 1=0 / 



The formulas (3.6) and (3.10) arc special cases of the formula (3.11). If the frame 
To, Ti, T2, T3 coincides with the holonomic frame (3.1), then ~ and the 
formula (3.11) reduces to (2.14). 

Now let's return back to the formula (2.8). This formula is valid in frame pre- 
sentation of tensor fields too. However, the matrices $j(£) and <I>j(— e) in this case 
are not given by the formulas (2.7). Here we use the formulas 

$](£) = 5) + (Lx, [X^) - X™ C J f + . . . , (3.12) 

\ m=0 / 

^]{-e) ^^-{l^, {X^) - ^ X™ cO e + . . . . (3.13) 

\ m=0 I 

The formulas (3.12) and (3.13) are analogous to (2.12) and (2.13). 
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4. Tangent vector fields on vector bundles. 

Let VM be an rt-dimensional vector bundle over the space-time manifold M. 
Any trivialization of VM is given by n sections Ti , ... , Y„ linearly independent 
at each point of their domain U. Let v be a vector of the fiber Vq{M): 

v = v^r, + ... + v"%,. (4.f) 

Then q = (q,v) is a point of VM. If x^, , are some local coordinates 
within the domain U C M and w", w^, , are taken from (4.1), then 



X 



^3 „,i 



, (4.2) 



are the coordinates of the point q — {q, v). The coordinates (4.2) are naturally sub- 
divided into two groups — the base coordinates a:;^ , ... , x^ and the fiber coordinates 
v^, ... , ti". Let "X be a tangent vector field on VM. In the local coordinates (4.2) 
it is represented as the following differential operator: 

'x = yx^^+yv^^. (4.3) 

^ dx'' ^ dv' ^ ' 

i=0 1=1 

Under the canonical projection tt : VM M the vector field (4.3) is mapped to 

X^E^^Il- (4-4) 

i=0 

The vector field (4.3) produces the one-parametric local group of diffeomorphisms 

if, : VM VM (4.5) 

that extends the local group (2.1) produced by the vector field (4.4). Due to (4.5) 
the functions (2.6) are complemented with the functions 

= U\e,y°, ... ,y^w\ ... ,w"), 

(4.6) 

v"^U"{e,y°,...,y\w\...,wn, 

^U\-e,x°, ... ,a;^^;^ ... ,d"), 
(4.7) 

iy« =[/"(-£, X°, ... ,x\v\ ... ,V"). 

Definition 4.1. The tangent vector field (4.3) on VAl is called concordant with 
the bundle structure if the functions (4.6) and (4.7) are linear with respect to their 
arguments u^, ... , w" and w^, ... , w". 

In the case of a concordant vector field "X the local diffeomorphisms (4.5) break 
into the series of linear mappings 

Vp{M)-^Vg{M), (4.8) 
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where q — (pe{p)- The functions (4.6) present the diffcomorphisms (4.8) in local 
coordinates. In the case of a concordant vector field they are given by the formulas 

n 

Wie^y'^, ... ,y^w\ ... ,w")^Y.U;{e,y'', ... ,y')w^. (4.9) 

The vertical components of the tangent vector field (4.3) are given by the derivatives 
df7*(e,x0, ... ,x^,v\ ... ,w") 



de 

Substituting (4.9) into (4.10), we derive 



(4.10) 

e=0 



V = ^Vi{x°, ... ,x^) , where = [// 1 . (4.11) 



e=0 



Theorem 4.1. The tangent vector field (4.3) on a vector bundle VM is concordant 
with the bundle structure if and only if its vertical components are linear functions 
with respect to , ... , w" given by the formula (4.11) 

For the matrices in (4.9), which represent the linear mappings (4.8) in the 
frame Ti, . . . , Y„, the formulas (4.10) and (4.11) yield 

U;{e) = 5] + V;{xP, ... ,x^)e+ ... , 

(4.12) 

U;{^e)^5)~V;{x\ ... ,x3)£+ ... . 

The expansions (4.12) are similar to (2.12), (2.13), (3.12), and (3.13). 

Let Y be a tensor field of the type (r, s) associated with the vector bundle VM ^ 
i. e. let Y be a section of VJM, where VJM is the following tensor bundle: 



V^M = VM ®...® VM® y*M V*A{ . (4.13) 

s times 

Assume that YJ^ ' " j'' {x'^ , x^,x'^,x^) are the components of the tensor field Y in the 
frame Ti, . . . , T„. Then, using the quantities VJ from the expansions (4.12), we 
define the Lie derivative £x(Y) of the field Y: 

^x(Y)-::-=.^x^Lx.(i^.::t) + 

(4.14) 

s n r n ^ 

m—lkm—l m—lkm — 1 



The Lie derivative (4.14) is called natural if the quantities Vj are expressed in some 
natural way through the components of the vector field X in (4.4). 
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5. Natural liftings and Kosmann liftings. 

In this section we apply the results of the previous section 4 to the tangent 
bundle TM, i.e. we set VM = TM. Comparing the formula (4.13) with (2.4) and 
the formula (4.14) with (3.11), wc find that 

3 

m=0 

Now we substitute (5.1) into (4.11) and then we substitute (4.11) into (4.3): 

= E E ^« ^ + E E {l^, iX') - E ^™ ^. (5.2) 

1=0 m=0 i=0 j=0 \ m=0 / 

The tangent vector field (5.2) on TM is a natural lifting of the vector field 

X = E E ^" A = ^ X™ (5.3) 

?=0 m—O m—Q 

from M to TM. The Lie derivative (4.14) determined by the vector field (5.3) and 
by its lifting (5.2) is a natural Lie derivative coinciding with (3.11) and (2.14). 

Now let's recall that the the space-time manifold M is equipped with the metric 
g. Its signature is (+,—,—,—). For this reason each fiber Tp{M) of the tangent 
bundle TM is a pseudo-Euclidean linear vector space. 

Definition 5.1. A lifting "X of a vector field X from AI to TM is called a Kosmann 
lifting if the linear mappings (4.8) associated with this lifting are isometrics. 

Kossman liftings were first introduced by Yvette Kosmann in [4 7]. 

Tiieorem 5.1. The natural lifting (5.2) of a vector field X is a Kosmann lifting 
if and only if "K. is a Killing vector field. 

The proof is trivial. By definition, Killing vector fields are those whose local 
diffeomorphisms preserve the metric tensor g. Hence, the mapping ip^* from (2.2) 
restricted to any fiber Tp{M) is a linear isometry. 

Let's study the isometry condition from the definition 5.1 in more details. Ap- 
plying the linear mappings (4.8) to the metric tensor, we get the equality 

g.,{x^,...,x^)^Y.j2ui{-e) Uf{-e) g.,(yO, . . . , y^). (5.4) 

Differentiating the formula (5.4) with respect to e, we take into account the formulas 
(4.12), (2.6), (2.10), (2.11), (4.10), and (4.11). As a resuft we get 

3 3 3 

9rj + E 5.. + E ^"^ (5.5) 

r— r— m—O 

The equality (5.5) can be simplified to 



>Cx(g) = 0, (5.6) 
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where the Lie derivative £x is calculated according to the formula (4.14). We shall 
treat the equality (5.6) neither as a condition for X nor as a condition for g, but 
as a condition for Vj. For this purpose we denote 

3 

Vij=Y.V:'9rj- (5.7) 

r=0 

Then the equality (5.5), which is equivalent to (5.6) is written as follows: 

3 

Vj + Vj^ = - ^ X" iT,„ (.9y ). (5.8) 

m=0 

The equality (5.8) fixes the symmetric part of Vij for a Kosmann lifting of a vector 
field. The skew-symmetric part of Vij can be obtained by alternating (5.1). As a 
result wc get the following two formulas: 

1 ^ 

^■r' = -^Ex'™L-f„(ff,,), (5.9) 



y 2 

m=0 



3 3 



=^ E {x^) gr, ~\y.^^^ (^'^) ■9'- 

r=0 r=0 



3 3 3 3 

" 2 ^ ^ ^'■^ + 2 E E '^'rnj 9r 

r—0 m—0 r—0 ni—O 

Adding the formulas (5.9) and (5.10), we derive 

3 3 

771—0 7'— 

1 f: {xn 9r. - J E E + ^ E E ^"^ 



(5.10) 



(5.11) 



2 ^ " J \" /ait 12 Z. ^ Z ^ mi ai J ' 2 

r—0 r—0 m—0 r—0 rn— 



mj 9r 



In order to get back to Vl we need to raise the index j in (5.11): 

3 3 ,33 



= - ^ E E ^™ (3-) - ^ E E (^'^) 5" s-^' + 

771—0 r—0 r—0 s— 

+ \ {x^) - ^ E + ^ E E E 5r. 



(5.12) 



771—0 r—0 S — 771—0 

Note that in order to fit (4.11) we should exchange the indices i and j in (5.12): 



= E E 5^"^ ^"^ (ff'-^) - ^ E E ■"'■^ (^'■) i 

(5.13) 



5r j 

m—0 r—0 r—0 s— 

i LX, (X') - ^ E ^™ + ^ E E E -9^^ 5r, 

m—0 r—0 s— 77i— 
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As a result, substituting (5.13) into (4.11), we derive the formula 

-.3 3 3 3 

= - 2 ^ ^ ^ ^"^ ^■^^■'"^ + 2 ^ " 

m=0 r=0 j=0 j=0 

Lr. {Xn 9r, - J E E + (5.14) 



r=0 s=0 j=0 m=0 j=0 

+^EEEE^^^^^"^™.5.-^- 

r=0 s=0 m=0 j=0 



Applying (5.14) to (4.3) and taking into account that we choose VM = TM, we 
get the following tangent vector field on the tangent bundle: 



= E E ^"^^ ^ + ^E ( E^-.(^>^ 

1=0 m=0 i=0 \ j=0 

3 3 3 3 3 3 



E E ^" + E E E E ^™ 9r, - (5.15) 

m=0 j=0 r=0 s=0 m=0 j=0 



3 3 3 3 3 3 



E E E {xn 9r, - E E E ff^"" (9^ ) 

r=0 ,s=0 j=0 Tn=0 r=0 j=0 



J 



Definition 5.2. The tangent vector field (5.15) on the tangent bundle TM is called 
the standard Kosmann lifting of the vector field (4.4) from AI to TM. 

We can calculate the standard Kosmann lifting (5.15) using the holonomic frame 
(3.1) instead of the non-holonomic frame To, Ti, T2, T3. Then (5.15) reduces to 

3 1^ -,3/333 rj \^'p 

i=0 4=0 \ r=0 s=0 7=0 

3 3 3 \ ^^-^^^ 

+ V ^ «^ - E E E g"- X" 1^ 1 ^ . 

j=0 m=0 r=0 j=0 y 

Now let's remember that the metric g is associated with the metric connection 
r. It is known as the Levi-Civita connections. The components of the Levi-Civita 
connection in a holonomic frame (3.1) are given by the formula 

j.k ^^9^f^,^_^\ 17^ 
^2 \dx' dxi dx^ r ^ ' ' 



r=0 



The formula (5.17) is easily derived from the following two conditions (see [8]): 

= r%, Vfc5., = 0. (5.18) 
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formula (5.16) through the corresponding covariant derivatives: 



Using the connection components T^j , now we express the partial derivatives in the 



dX' 



m=0 
3 



(5.19) 



m— 



Moreover, from the second equality (5.18) we derive 



|!^ = Er,^„,5.. + Er^.5.,- (5.20) 

8=0 8=0 

Substituting (5.19) and (5.20) back into (5.16) and taking into account the first 
equality in (5.17), we get the following formula: 

3 3 3 / -. 3 3 

+ iv,x'-E^"r:A^^. 

m=0 / 



The components of the natural lifting (5.2) also can be expressed through the 

k 

ij 



connection components Ff - and covariant derivatives in the holonomic frame (3.1): 



N 



E ^ + E E f^.^' - E r: J ^- (5-22) 

i=0 i=0 j=0 \ m=0 / 



Two different liftings (5.21) and (5.22) are associated with two different Lie deriva- 
tives £x and Lx respectively. Here Lx is the regular Lie derivative, while £x is 
called the standard Kosmann-Lie derivative. Both of them are differentiations of 
the algebra of tensor fields. Comparing (5.21) and (5.22), we get the relationship 

Cx = L^ + S^. (5.23) 

Here 5x is a degenerate differentiation in the sense of the proposition 3.3 in Chap- 
ter I of [3]. From (5.21) and (5.22) we derive that the degenerate differentiation Sx 
in (5.23) is given by the tensor field Sx with the following components: 



S}OC) = ^^^' + ^'^^ = 1 v,x^ + V.X" g^, (5.24) 



r=0 s=0 



The tensor field Sx with the components (5.24) is equal to zero if and only if X is 
a Killing vector field. This fact is easily derived from the theorem 5.1 or from the 
equality (5.6), which is fulfilled identically by definition. 
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Another special case for the formula (5.15) is the case of a non-holonomic, but 
orthonormal frame Yp, Yi, Y2, Y3. In such a frame the components of the metric 
tensor are constants. They are given by the Minkowski matrix: 



1 














-1 














-1 














-1 



g^3 = = 



For the components of the Levi-Civita connection in such a frame we have 

3 3 „s 



(5.25) 



pfe _ ^ \ " 

r=0 s=0 



(5.26) 



The formula (5.26) is derived from the general formula (6.3) in [9]. From the 
formulas (5.25) and (5.26) we derive the following equalities: 



(5.27) 



Moreover, from Vrndij = in this case we derive 

3 3 

Y,Y.9''^rns9rj=-^lnr (5-28) 

r=Q s=0 

In the non-holonomic frame Yq, Yi, Y2, Y3 the formulas (5.19) are replaced by 

3 

Lt.(x'-) = v,x'^- Er^«^^™. 

3 



(5.29) 



Applying (5.27), (5.28), and (5.29) to (5.15), we get the formula 
3 3 



'"XK = EE^"^™|i+EEf^.^ 

2=0 m=0 1=0 j=0 \ 

- ^ E E v.x^ 5.. - E ^™ r;,,) . 

r=0 s=0 m=0 / 



(5.30) 



Similarly, applying (5.29) to (5.2) and taking into account (5.27), we get 



3 3 



= E E ^" ^™ a? + E E ( - E rj„,. ) 



1=0 m=Q 



1=0 j=0 



(5.31) 



The formulas (5.30) to (5.31) coincide with (5.21) to (5.22) respectively, though 
^Inj ^-Ot symmetric with respect to m and j in this case. The formulas (5.30) 
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and (5.31) again lead to the formula (5.23), which is valid irrespective to the choice 
of a holonomic or non-holonomic frame in M . 

Note that the formulas (5.29) are the same as the formula (3.10) in [10]. The 
formula (5.29) resembles the formulas (3.11) and (3.12) in [10]. However, it doesn't 
coincide with them. Unlike [10] and [11], for the sake of simplicity in this paper I 
do not use principal fiber bundles at all. 

6. Commutation relationships for Kosmann-Lie derivatives. 

Regular Lie derivatives acting upon tensorial fields form a representation of the 
Lie algebra of vector fields in M . This fact is expressed by the formula 

[ix,^Y] = -^[x.Y]- (6.1) 
Commutation relationships for Kosmann-Lie derivatives are different from (6.1): 

[/:x,/:y] -/:[x,Y] + 5x,Y. (6.2) 

Here 5'x,y is a degenerate differentiation given by the tensor field Sx,y, where 

Sx,Y = ix(SY) - Ly(Sx) - S[x,Y] + [Sx, Sy]. (6.3) 
By means of direct calculations the formula (6.3) can be reduced to 

Sx,y = -[Sx,Sy]. (6.4) 
Applying (6.4) to (6.2), we get 

[/:x,/:y] = /:[x,y]-[Sx,Sy]. (6.5) 

The commutator [Sx,Sy] in the formulas (6.3), (6.4), and (6.5) is understood as 
a commutator of two operator-valued tensorial fields: 

[Sx,Sy] = Sx°Sy - Sx°Sy- (6.6) 

In the coordinate representation the commutator (6.6) turns to the commutator of 
two matrices whose components are calculated according to the formula (5.24). 

Note that in general case the commutator (6.6) is not zero. For this reason 
[/^Xi-Cy] 7^ -Cjx.Y]- This fact is pointed out in [10]. 

7. Kosmann-Lie derivatives for Weyl spinors. 

The bundle of Weyl spinors is a two-dimensional complex vector bundle over 
the space-time manifold M . We denote it SM . The spinor bundle SM is related 
to the tangent bundle TM in some special way. The relation of SM and TM is 
formulated in terms of frames. It is based on the well-known group homomorphism 



: SL(2,C) ^ S0+(1,3,R). 



(7.1) 
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Let To, Ti, T2, T3 be a positively polarized right orthonormal frame of the tan- 
gent bundle TM . By definition (see Section 5 in [12] or Section 1 in [13]) it is cano- 
nically associated with sonic frame ^2 of SM in such a way that if two pos- 
itively polarized right orthonormal frames Tq, Ti, T2, T3 and Tg, Ti, T2, T3 
are bound with the transition matrices S and T = S^^ in the formulas 



then their associated spinor frames 'i'l, >I'2 and '4'i, '$'2 are bound with the tran- 
sition matrices 6 and 1 = in the formulas 



and the spacial transition matrices S and T are produced from the spinor transition 
matrices 6 and T through the group homomorphism (7.1): 



5 = 0(S), 



r = 0(X). 



A spinor frame 'S'l, 'S'2 canonically associated with some positively polarized 
right orthonormal tangent frame Tg, Ti, T2, T3 is called an orthonormal frame 
of the spinor bundle SM. In order to visualize this canonical frame association in 
SM and TM we use the following diagram: 



Orthonormal frames 



Positively polarized 
right orthonormal frames 



(7.2) 



There arc two basic spin-tensorial fields in the bundle of Weyl spinors: 



Symbol 


Name 


Spin-tensorial 
type 


d 


Skew-symmetric metric tensor 


(0,2|0,0|0,0) 


G 


Infold- van der Waerden field 


(1,0|1,0|0,1) 



(7.3) 



Their role for SM is similar to that of the metric tensor g for TM. The spin- 
tensorial type in the table (3.1) specifies the number of indices in coordinate rep- 
resentation of fields. The first two numbers are the numbers of upper and lower 
spinor indices, the second two numbers are the numbers of upper and lower conju- 
gate spinor indices, and the last two numbers are the numbers of upper and lower 
tensorial indices (they are also called spacial indices). 

The spin-tensorial fields d and G arc introduced by means of the explicit formulas 
for their components in canonically associated frame pairs (7.2). Let Tq, Ti, T2, 
T3 be some positively polarized right orthonormal frame in TM and let 'S'l, ^2 be 
its associated orthonormal spinor frame in SM . The components of the Infeld-van 
der Waerden field G in such a frame pair composed by two canonically associated 
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frames are given by the following Pauli matrices: 

Gii f i^ii 

— g 2 ~ 2 

Gii 1 ^ii 

1 ~ 2 ~ ^ 
The skew-symmetric metric tensor d is given by the matrix 






— z 




i 





= 


1 










-1 


= <^3 



(7.4) 



dij — 



1 

-1 



(7.5) 



in any orthonormal spinor frame ^2- Unlike (7.4), the choice of the associated 
frame Tq, Ti, T2, T3 is inessential for the components of the matrix (7.5) since 
d has no spatial indices at all. The dual metric tensor for d is given by the matrix 







(7.6) 



The matrix (7.6) is inverse to the matrix (7.5). 

Let 6 be some matrix from the group SL(2, C) and let S = ((>{&) be its image 
under the homomorphism (7.1). Then we have the relationships 



i=l i=l k=l 
2 2 

i=i j=i 



(7.7) 
(7.8) 



where cr^* and cr^° are the components of the Pauli matrices (7.4). In essential, the 
relationships (7.7) form a definition of the group homomorphism (7.1) (see [13] for 
more details). The relationships (7.8) are fulfilled due to 6 G SL(2,C). 

Now let's take some arbitrary vector field X on M. Then "X^^ is its Kosmann 
lifting to the tangent bundle TM given by the formula (5.30). It induces local 
one-parametric group of local diffcomorphisms 



LPe : TM TM (7.9) 

that extends (2.1), but does not coincide with (2.2). The Kosmann lifting "Xif of 
the vector field X is concordant with the bundle structure of the tangent bundle 
TM in the sense of the definition 4.1. For this reason the local diffeomorphisms 
(7.9) break into the series of linear mappings 

^e- Tp{M)^Tg{M), (7.10) 

where q = (pe{p)- According to the definition 5.1 the mappings (7.10) are isometrics. 
Therefore, taking some positively polarized right orthonormal frame Tg, Ti, T2, 
T3 in TM and applying to it, we get another orthonormal frame (y9e(To), 
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(Pe(Ti), (/3e(T2), (^^(Ta) in TM. Note that is homotopic to the identical map- 
ping. For this reason it preserves the discrete properties hke polarization and orien- 
tation, i.e. (/3e(To), ipei'^i), ^e{'^2), feC^s) & positively polarized right orthonor- 
mal frame. Assume that e is small enough so that both points p and q — ipe{p) 
belong to the domain of the frame Tq, Ti, T2, T3. Then at the point q we have 

3 

<^,(Y,) = E^^(^)^- (7.11) 

i=0 

The Lorentzian matrix V with the components Vj{e) £ S0^(1,3,M) in (7.11) is a 
coordinate presentation of the linear mapping (7.10) in the frame Tq, Ti, T2, T3. 

Each of the two positively polarized right orthonormal frames Tq, Ti, T2, T3 
and (pe(To), (^^(Ti), (/3e(T2), (psiTs) is associated with some orthonormal frame 
in SM . Using this fact, we define a linear mapping 

ipe-. Sp{M) SqiM) (7.12) 

closing the following commutative diagram of frame associations: 

*i,*2 > To, Ti,T2, T3 

(^e(*l), <^s(*2) 



(7.13) 



In the coordinate form the linear mapping (7.12), which closes the diagram (7.13), 
is presented by some matrix W G SL(2,C): 



i=i 



The horizontal arrows in the diagram (7.13) are canonical frame associations. For 
this reason the components of the matrices V and W in (7.11) and (7.14) should 
satisfy the relationships (7.7) and (7.8): 

22 3 
J2 E < Wi^) = E V^^ie) <\ (7.15) 

2 2 

EE^a(e)rf«.W^;:'(£)-rfa6. (7.16) 

i=i i=i 

According to the general recipe (4.12), now we pass from the matrices W{£) and 
V{e) to their expansions as e ^ 0, i. e. we write 

W;{e)^5] + W;{jP,x',x',if')e+ ... , 

(7.17) 

V;(e)^S] + v;{iPy,x',x^)e+... . 
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Note that the quantities Vj in (7.17) are already known. They arc taken from 
(5.13). In our special case, where Yq, Ti, T2, T3 is an orthonormal frame, we can 
use a more simple formula for Vj. It is extracted from (5.30): 



^ E E 9r, + \^,X' - ^ X™ r^,. (7.18) 

r— s— m— 

As for the quantities W-" , they should be calculated by substituting (7.17) back into 
(7.15) and (7.16). Like in the case of (5.7), we denote 

2 

s=l 

Then, applying (7.17) to (7.16), we derive the following formula: 

- Wj, - 0. (7.20) 

Due to the formula (7.20) the quantities (7.19) are symmetric with respect to the 
indices i and j. Our next goal is to resolve the relationships (7.15) with respect to 
these quantities Wij. 

Let's substitute the expansions (7.17) into (7.15) and collect the first order terms 
with respect to the parameter e. As a result we get 

2 2 3 

E < + E W = E ^™ <^ ■ (7-21) 

i = l i = l k = 

Keeping in mind that we use the frames Tq, Ti, T2, T3 and ^1, '^2 canonically 
associated to each other in the sense of the diagram (7.2), we replace the components 
of Pauli matrices by the components of Infeld-van der Waerden field in (7.21): 

2 2 3 

E + E W = E < G^'- (7-22) 

i=l i=l fe=0 

In order to transform the formula (7.22) we multiply it by and sum over the 
index m. Doing it, we use one of the identities 

3 22 

E^aa rj ca ca \ ^ \ ^ /^uu /^n q en 0'3^ 

m— u—\ u—\ 

where are the components of the inverse Infeld-van der Waerden field. They 
arc produced from by lowering upper spinor indices a amd a and by raising 
lower spacial index n according to the following formula: 

2 2 3 

Gr^ = EEE^"''^-^s«ff"" (7-24) 

a— 1 a— 1 n— 
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The components of the conjugate spinor metric d in (7.24) arc produced from the 
components of d by means of the complex conjugation: 

The identities (7.23) are taken from [14]. Applying them to (7.22), we get 

3 3 

2 W: 6^, + 251W-^ = Y,Y.< ^uu- (7.25) 

fc=0 m=0 

In order to use the symmetry (7.20) we need to lower the indices a and a in (7.25): 

3 3 2 2 

2 



^ 3 3 2 2 

W^a dua + duaW~;=-Y,Y.Y.Y.^^ dsa dsa G^Tfl- (7-26) 



fc=0 m=0 s=l .5=1 



Note that Was, in (7.26) is symmetric with respect to the indices u and a, while 
d"'" is skew-symmetric with respect to these indices. Therefore, we have 

2 2 

5]5]W^d'^^ = 0. (7.27) 

u—l a—1 

Applying (7.27), we multiply (7.26) by and sum up over the indices u and d. 
As a result we get the following formula for Wua ■ 



= i E E E E Gu-s dsa. (7.28) 



k=0 m=0 s=l s=l 



Now let's return back to the quantities Wj by raising the index a in (7.28). As 
a result of this standard procedure we obtain 



3 3 2 

^/ = i E E E < (7.29) 



fe=0 in=0 s=l 



The next step is to substitute (7.18) into (7.29). Doing it, let's recall that the 
metric connection T has the unique extension (F, A, A) to the spinor bundle SM. 
Its spinor components are given by the formula 



3 3 2 f^is n. 



a;.-EEE' 



4 

fc=0 m=0 s=l 
5=1 <J=0 ^ i = l J = l ^ 



(7.30) 



The formula is derived in [14] and is verified in [15]. In our special case the frames 
To, Ti, T2, T3 and 'S'l, ^2 form a canonically associated pair in the sense of the 
diagram (7.2). In this case the formula (7.30) reduces to 



3 3 2 

^rj = ^ E E E ^™ ■ (7-31) 



fc=o m=o 5=1 
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The formulas (7.31) and (7.29) arc very similar. Therefore, substituting (7.18) into 
(7.29), due to the presence of F^^- in (7.18) we can write 



3 3 3 3 2 



9=0 p=0 fc=0 m=0 s=l ('7 32") 

, 3 3 2 3 \ ■ ) 

+ sEEEg^^»^'G71~E^'"A: 



" k=0m=0s=l m=0 

Knowing the quantities (7.18) and (7.32) is sufficient to construct a spinor extension 
of the Kosmann-Lie derivative £x. Let Y be a spin-tcnsorial field of the type 
(e, r]\a, (\e, /). Then for the components of the field £x(Y) we have the formula 

3 

'bi...b^bi...bfdi...df ^ 61 ... &^ fci... fc^ di ... ' 

m=0 

e 2 

VK"^ ^ai...iV-asai...a„Ci...Ce _|_ 
A^ '^fj' bi brjb\...bQ di... df 

V 2 

I \ ^ \ ^ \Y^I^ aeSi... a„Ci... Ce _ 

/ ^ / J b^ bi . . . Wfj^ . . . brjbi . . . b^di . . . df 

[1=1 '!i)f, = l 

a- 2 

1^ ^b,...b,b, b,d,...df + (7.33) 

fj,=i ti^=i 

C 2 

Z-^ b^ bi... br, bi... Wf^ ... b^di... df 

fl=l Wi^ = l 

e 3 

EV^ -^c,, ^ai... aEOi... o<,ci... ... Ce 
/ ^ ■'-V 61 . . . 61 . . . di df 

/ 3 

E\ ^ Y^i^ y^ai... aEai..._a„ci. 
Z-^ bi... brj bi... b^ di.. 



It is easy to see that (7.33) is a version of (4.14). In the case of a purely tensorial 
field Y, i. e. if e = 0, 7; = 0, 0" = 0, and C = 0, the Kosmann-Lie derivative (7.33) 
reduces to (5.23). However, in general case we cannot use this formula (5.23) since 
the regular Lie derivative Lx has no spinor extension yet. For this reason, instead 
of the formula (5.23), in this case we write 

Cx = Vx + Sx. (7.34) 

Like in (5.23), by S'x in (7.34) we denote a degenerate differentiation. According to 
the results of [12], each degenerate differentiation extended to spinors is defined by 
three spin-tensorial field_ of the types ( 1 , 1 1 , 1 , 0) , (0, 1 1 , 1 1 , 0) , and (0, 1 , 1 1 , 1 ) . 
We denote them ©x, ©x, and Sx respectively. Here are the components of Sx: 



(7.35) 
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Comparing (7.35) with (5.24), we see that Sx in (7.34) is different from that of 
(5.23). The formula (7.35) is extracted from (7.18). Similarly, looking at (7.32), we 
find the components of the spin-tensorial field ©x: 

&m - E E E - g-. (7.36) 

fc=0 in=0 s=l 

The components of ©x are produced from (7.36) by means of the complex conju- 
gation: 6j(X) = Sj(X). For this components we derive the formula 

6j W = E E E ^'^"^ ~ ^'"^^ (7.37) 

fc=0 m=0 s=l 

The formula (7.34) complemented with (7.35), (7.36), and (7.37) is equivalent to 
the formula (7.33). 

Let's consider a particular example of applying the formula (7.33). Assume that 
■j/j is a spinor field, i.e. a field with the spin-tensorial type (1, 0|0, 0|0, 0). Then for 
the components of the spinor field Cx{ip) we have 

3 3 3 2 2 

chirpy = Y.x- v„v^^ + E E E E g 

m=0 fc=0m=0s=li=l 

This formula resembles the formula (3.19) in [10] and the formula (5.5') in [11]. 

Note that the formulas (7.18) and (7.32) were derived under the assumption 
that To, Ti, T2, T3 is a positively polarized right orthonormal frame in TM and 
^1, its canonically associated orthonormal frame in SM. However, these for- 
mulas remain valid for an arbitrary frame pair provided wc use the general formula 

for T\^^ in (7.18) instead of (5.26) and the general formula (7.30) for Aj^^ in (7.32) 
instead of (7.31). The formula (7.33) is also valid for an arbitrary frame pair under 
the same provisions. 

8. KOSMANN-LlE DERIVATIVES OF THE BASIC FIELDS. 

There arc three basic field in the theory of Wcyl spinors. Two of them d and 
G are listed in the table (7.3). The third is the metric tensor g. Now we shall 
apply the Kosmann-Lie derivative (7.33) to these basic fields. For this purpose it 
is convenient to choose some canonically associated pair of frames Tq, Ti, T2, T3 
and \E'i, In such a frame pair the components of all basic fields are constants. 
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Indeed, they are given by the formulas (5.25), (7.4), and (7.5). Therefore we have 

3 

^X-LT„(dy)=0, (8.1) 

m=0 
3 

5]x"L-f„(G'r)=0, (8.2) 

m— 
3 

J2x"^LrA9^,)=0■ (8.3) 

m=0 

Applying (7.33) to d and taking into account (8.1), (7.19), and (7.20), we obtain 

2 2 

Cx{d)^, = ^ dsj + d,s = W,, - Wj, = 0. (8.4) 

Similarly, applying (7.33) to G and taking into account (8.2) and (7.22), we get 

2 2 3 

/:x(G)r = - E ^™ - E W + E ^™ Gfc' = 0- (8-5) 

4=1 i=\ k=0 

And finally we apply the formula (7.33) to the metric tensor g. As a result, taking 
into account (8.3), (5.7), and (5.8), we derive 

3 3 

Cx {Eh = E 9rj + E ^/ 9^r = + V,, = 0. (8.6) 

r=0 r=0 

The formulas (8.4), (8.5), and (8.6) are summarized in the following theorem. 

Theorem 8.1. For any vector field X in M the basic tensorial and spin-tens orial 
fields g, d, and G associated with the bundle of Weyl spinors SM are constant with 
respect to the Kosmann-Lie derivative £x- 

9. Some concluding remarks. 

Note that the quantities Vlf for (7.33) are taken from (7.18). However, they 
could be taken from (5.1) either. In the latter case the equality £x(d) = would 
be preserved, but the equality -Cx(g) = would be replaced by 

'Cx(g) = ix(g). 

As for the formula (8.5), it would be replaced by the following one: 

i-x(,Gj„ - ^ Gfc . 

This choice of is preferred in [11]. As for our choice of Vj in this paper, in 
[11] it is referred to as the "metric Lie derivative" introduced by Bourguignon and 
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Gauduchon in [16]. Since there are various approaches, I should regretfully conclude 
that there is no canonical definition of the Lie derivative for spinors thus far. 
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